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Phase field modelling of spinodal decomposition in
the oil/water/asphaltene system

Gyula I. Tóth∗a,b and Bjørn Kvammeb

In this paper the quantitative applicability of van der Sman / van der Graaf type Ginzburg-Landau
theories of surfactant assisted phase separation [van der Sman et al., Rheol. Acta, 2006, 46, 3]
is studied for real systems displaying high surfactant concentrations at the liquid-liquid interface.
The model is applied for the water/heptane/asphaltene system (a model of heavy crude oil), for
which recent molecular dynamics (MD) simulations provide microscopic data needed to calibrate
the theory. A list of general requirements is set up first, which is then followed by analytic calcu-
lations for the equilibrium properties of the system, such as the equilibrium liquid densities, the
adsorption isotherm and the interfacial tension. Based on the results of these calculations, the
model parameters are then determined numerically, yielding a reasonable reproduction of the MD
density profiles. Results of time-dependent simulations addressing the dynamical behaviour of
the system will also be presented. It will be shown, that the competition between the diffusion and
hydrodynamic time scales can lead to the formation of an emulsion. We also address the main dif-
ficulties and limitations of the theory regarding quantitative modelling of surfactant assisted liquid
phase separation.

1 Introduction
Surfactants are interface active agents, whose migration to the
interface of two immiscible fluids can result in a formation of a
mechanically stable mixture, i.e. an emulsion. Emulsions1 play
important role on many fields of our everyday life: They appear
in pharmaceutical materials2, cosmetics and even food pro-
cessing3, but also have significance in medical applications4,5.
Besides these well-known fields of application, surfactants might
become the future of crude oil recovery as well6,7: It has been
discovered that alternating injection of water and CO2 is a more
efficient technique to recover the residual oil than traditional
EOR (Enhanced Oil Recovery) methods based on exclusive
water or CO2 injection8,9, proposing then the idea of utilizing
a water/CO2 emulsion instead. Although there are many sur-
factants producing water/CO2 emulsions10,11, we need specific
materials capable of forming both water/CO2 and water/oil
emulsions. It seems that a special class of aspheltenes can be
converted into such an emulsifier, which is capable of forming
an oil/water emulsion in addition to the CO2/water emulsion12,
thus offering a water CO2/water → oil/water transition. If the
transition was fast enough compared to the characteristic flow
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velocities used in conventional oil recovery, this technique could
also solve CO2 storage problems, thus becoming the basis of a
new, environmentally sound EOR technique. Unfortunately, the
microscopic physical processes behind the water/CO2/asphaltene
emulsion formation are not well understood13, therefore, it is
crucial to identify and study the basic mechanism(s) of emulsion
formation in the framework of a multi-scale approach, ranging
from atomistic (molecular dynamics) simulations to mesoscale
(continuum) theories. Fortunately, molecular dynamics simula-
tions provide data for the interfacial properties of the two-phase
system on the microscopic level14,15. These data can be then
used as input for continuum descriptions addressing mesoscale
phenomena, which can be then verified by comparing the results
to available experimental data16.

Continuum theories describing a surfactant assisted liquid
phase separation are based on the Ginzburg-Landau (GL) theory
of first order phase transitions and originate from Gompper
and Zschocke17, and Theissen and Gompper18. Theissen and
Gompper successfully addressed spontaneous emulsification,
while the model of Teramoto and Yonezawa19 has been used to
describe droplet growth dynamics in the oil/water system. The
most widespread version of the GL based models is developed
by van der Sman and van der Graaf20. The model is based
on the regularization of the surface Dirac-delta function of the
sharp interface model of Diamant and Andelman21. A similar
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approach was published by Teng, Chern and Lai22. Later Liu
and Zhang23 introduced a generalized model accounting also
for the lateral interaction between adjacent surfactant layers.
The new model has been successfully applied for describing the
influence of the Marangoni effect generated by the inhomoge-
neous interfacial tension on droplet dynamics. A comparative
study of the aforementioned models was published by Li and
Kim24, while Yun, Li and Kim25 introduced a non-variational
formalism of the dynamic equations. Despite the efforts, the
models often suffer from physical inconsistency, such as the lack
of surfactant-free solution and/or decreasing interface width
with increasing surfactant amount at the interface. Furthermore,
a numerical study of Engblom et al26 gave strong evidences
of that the partial differential equation has no solution under
certain physically relevant circumstances. A detailed theoretical
analysis of the generalized van der Sman / van der Graaf model
and the demonstration of emulsion formation by numerical
simulations has recently been done by Tóth and Kvamme27 for
systems featuring low surfactant amplitudes at the liquid-liquid
interfaces. In contrast, atomistic simulations clearly show
that in the heptane/water/asphaltene system, for example,
the asphaltene mole fraction is close to 1 at the interface at
equilibrium, together with vanishing surfactant concentration
in the bulk liquids. Besides, in our previous study only pure
diffusion dynamics has been used to demonstrate emulsion
formation close a critical point, which is not satisfying in general.

The paper is structured as follows. In Section 2, we define a van
der Sman / van der Graaf type free energy functional with the cor-
responding equilibrium (Euler-Lagrange) and dynamic equations.
In Section 3, we set up a list of criteria the model parameters have
to satisfy. In Section 4, a parameter fitting process will be pre-
sented for the heptane/water/asphaltene system, followed then
by a study for the dynamic behaviour of the system. In Section 5
we summarize the results and draw the conclusions.

2 Model description

2.1 Free energy functional

The physical state of a binary fluid + surfactant system can be
characterized by two, space and time continuous order param-
eters, the liquid-liquid order parameter φ(r, t) (which is propor-
tional to the normalized mass density difference of the two liq-
uids), and the (normalized) surfactant concentration, ψ(r, t). The
Helmholtz free energy of the inhomogeneous system is given in a
functional form17–20,22–24,27:

F =
∫

dV
{
FCH(φ)+Fψ (ψ)+F1(φ ,ψ)

}
. (1)

Here FCH [φ(r, t)] stands for a traditional Cahn-Hilliard model of
liquid-liquid phase separation:

FCH(φ) = wg(φ)+
ε2

φ

2
(∇φ)2 , (2)

where g(φ) = (1−φ 2)2/4 is the usual double-well function, while
the parameters w and ε2

φ
can be related to microscopic quantities

Table 1 Nomenclature. The lack of unit indicates dimensionless quantity.

symbol unit description
F J Helmholtz free energy
F J/m3 free energy density
σ0 J/m2 interfacial tension (w/o surfactant)
δ0 m interface thickness (w/o surfactant)
w J/m3 free energy scale
ε2

φ
J/m Cahn-Hilliard gradient term coefficient

R J/(mol K) gas constant
T K temperature
vm m3/mol average molar volume
τφ kg/(m3s) liquid-liquid diffusion time scale
τψ kg/(m3s) surfactant diffusion time scale
ρ kg/m3 mass density
R Pa reversible stress tensor
D Pa dissipative stress tensor
A Pa Korteweg stress
µ Pas viscosity
p Pa non-equilibrium thermodynamic pressure
D0 m2/s liquid-liquid diffusion coefficient
Dψ m2/s surfactant diffusion coefficient
λ m length scale
ζ m fitted interface parameter
τ s time scale
β - inverse temperature
c - interaction coefficient

between adjacent surfactant layers
a - surfactant exclusion strength
d - interface-surfactant coupling parameter
φ0 - equilibrium liquid density difference
ψ0 - eq. surfactant concentration in the bulk liquid
ψa - eq. surfactant concentration at the interface
ξ0 - relative interface width in equilibrium
τ̃ψ - relative surfactant diffusion time scale
w̃ - Korteweg stress amplitude
ν̃ - viscosity
κ - relative interfacial tension
I - total amount of absorbed surfactant
q - amount of interfaces
γ - time scaling parameter
s - relative speed of phase separation

of the surfactant-free system (i.e. when ψ ≡ 0) as follows27:

w = (3/2)(σ0/δ0) and ε
2
φ = (3/4)σ0 δ0 , (3)

where σ0 is the equilibrium interfacial tension, and δ0 the inter-
face width defined by the equilibrium planar interface solution
φ∗0 (x) = tanh(x/δ0)

27. Furthermore, Fψ is the free energy associ-
ated with the presence of the surfactant:

Fψ (ψ) = w
{

1
β
[ψ logψ +(1−ψ) log(1−ψ)]− c

2
ψ

2
}

, (4)

where the logarithmic term is the simplest approximation of the
entropy of mixing, while c accounts for the interaction between
adjacent layers of the surfactant. The parameter β is associated
with the inverse temperature as w/β = (RT )/v0, where v0 is the
"effective" molar volume of the system (to be defined later), R the
gas constant and T the temperature. Furthermore, F1 is a first
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order coupling between φ(r, t) and ψ(r, t):

F1(φ ,ψ) = wψ

[
−δr(φ)+

a
2

φ
2
]

, (5)

where δr(φ) is the regularized surface-delta function introduced
by Diamant and Andelman21, while the second term is respon-
sible for the exclusion of the surfactant in the bulk phases. We
mention that there are different ways of regularizing the surface-
delta function. It was introduced as δr(φ) ∝ (∇φ)2 originally
by van der Sman and van der Graaf20, however, recent works
indicate, that there are both general theoretical27 and numer-
ical26 problems with this regularization. It has been revealed
that the square-gradient coupling results in unphysical behaviour,
namely, shrinking interface width and accelerating phase sepa-
ration with increasing surfactant load27, and, moreover, the dy-
namic equations have no stable solution under physically rele-
vant circumstances26. In our recent work, we proposed a hybrid
coupling δr(φ) := Λ1 g(φ) +Λ2 (∇φ)2 yielding constant interface
width, therefore making the entire surfactant load range accessi-
ble by numerical simulations27. Although our findings regarding
the critical behaviour of the model are valid in general, this cou-
pling also leads to unstable interfaces for high interface loads (i.e.
when the surfactant concentration converges to 1 at the inter-
face), which is again due to the presence of the square-gradient
term26). Therefore, in the present work we choose "Model 3" of
Engblom et al26, proposing

δr(φ) := d g(φ) , (6)

leading to physically consistent behaviour, i.e. increasing inter-
face width and decreasing interfacial tension and speed of phase
separation as a function of the surfactant load27 together with
numerical stability of the dynamic equations26.

Using the length scale λ = δ0/2 and the free energy density
scale w results in the following dimensionless free energy func-
tional:

F̃ =
∫

dṼ
{
F̃CH + F̃ψ + F̃1

}
, (7)

where F̃ = F/(wλ 3), and

F̃CH = g(φ)+
(
∇̃φ
)2 (8)

F̃ψ =
1
β
[ψ logψ +(1−ψ) log(1−ψ)]− c

2
ψ

2 (9)

F̃1 = ψ

[
−d g(φ)+

a
2

φ
2
]

. (10)

The dimensionless planar interface solution of the surfactant-free
system reads as

φ
∗
0 (x̃) = tanh(x̃/2) , (11)

while the dimensionless interfacial tension becomes σ̃0 = 4/3.

2.2 Equilibrium

When the two liquids are in thermodynamic equilibrium, the pla-
nar interface profile can be determined from the 1-dimensional

Euler-Lagrange equations:

δ F̃
δφ

=
∂F̃

∂φ
− ∂

∂ x̃

[
∂F̃

∂ (∂x̃φ)

]
= 0 (12)

δ F̃
δψ

=
∂F̃

∂ψ
= µ̃ψ , (13)

where δ F̃/δ χ denotes the functional derivative of F̃ =
∫

dx̃{F̃}
with respect to χ = φ ,ψ, where F̃ = F̃CH + F̃ψ + F̃1, and

µ̃ψ = (δ F̃/δψ)φ0,ψ0 (14)

is the dimensionless diffusion potential corresponding to the ho-
mogeneous background state (±φ0,ψ0). (Note that this kind
of potential cancels from the first equation, since F̃CH and
F̃1 are symmetric in φ 26.) The boundary conditions read as:
φ∗(x̃)x̃→±∞ = ±φ0 and ψ∗(x̃)x̃→±∞ = ψ0, where φ∗(x̃) and ψ∗(x̃)
represent a solution of the Euler-Lagrange equations [see Fig.
1(a)]. Note that the bulk surfactant load, ψ0 is a free parameter
of the theory. Using Eqns. (7)-(10), the Euler-Lagrange equations
read as:

(1−d ψ)(φ 3−φ)+aψ φ = 2∂x̃2 φ (15)

1
β

log
ψ(1−ψ0)

(1−ψ)ψ0
− c(ψ−ψ0)+∆ f (φ) = 0, (16)

where ∆ f = f (φ)− f (φ0), whereas

f (φ) =−d g(φ)+
a
2

φ
2 . (17)

Applying x̃→±∞ in Eq. (15) results in the bulk equilibrium value

φ
2
0 =

1− (a+d)ψ0

1−d ψ0
(18)

of the liquid-liquid order parameter, as a function of the bulk sur-
factant concentration. Introducing φ̂(x̃) := φ(x̃)/φ0 then results
in

∆ f (φ̂) =
φ 2

0
4

[
2(a+d)(φ̂ 2−1)−d φ

2
0 (φ̂

4−1)
]

. (19)

2.3 Dynamic equations

The time evolution of the system is governed by the following
convection-diffusion dynamics:

τφ [∂tφ +∇ · (φ v)] = ∇
2 δF

δφ
(20)

τψ [∂tψ +∇ · (ψ v)] = ∇ ·
[

ψ(1−ψ)∇
δF
δψ

]
(21)

ρ [∂tv+∇ · (v⊗v)] = ∇ · (R+D) (22)

∇ ·v = 0 , (23)

where ⊗ denotes the dyadic product, while R and D are the re-
versible and dissipative stress tensors, respectively. The dissipa-
tive stress simply reads as

D= µ(φ ,ψ) [(∇⊗v)+(∇⊗v)T ] , (24)
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where µ(φ ,ψ) is the (density dependent) dynamic viscosity, while
the non-classical reversible stress reads as28,29:

R=−pI+A , (25)

where p is the non-equilibrium thermodynamic pressure for the
inhomogeneous system18:

−p = F −φ
δF
δφ
−ψ

δF
δψ

, (26)

and A is a non-diagonal stress component, which can be de-
termined via the condition of mechanical equilibrium, yield-
ing18,30–36:

∇ ·R=−φ ∇
δF
δφ
−ψ ∇

δF
δψ

. (27)

Note that in equilibrium δF/δφ = 0 and δF/δψ = µ are con-
stants, therefore, no flow is generated. Comparing Eqns. (25)-
(27) then results in:

A=−∇φ ⊗ δF
δ∇φ

−∇ψ⊗ δF
δ∇ψ

. (28)

2.3.1 Time scales

The relaxation times τφ and τψ in Eqns. (20) and (21) can be re-
lated to diffusion coefficients as follows. For ψ(t, t)≡ 0, Eq. (20)
reads as ∂tφ = Dφ ∇2[(φ 3−φ)−(κ/w)∇2φ ], where Dφ = w/τφ . Ap-
plying φ = ±1+ δφ , where |δφ | � 1), yields the diffusion equa-
tion ∂tδφ = D0∇2δφ with D0 = 2Dφ . Similarly, Eq. (21) results
in ∂tψ = Dψ ∇2ψ in the bulk phases (i.e. when φ ≡ ±1) for
cψ � β−1 log[ψ/(1−ψ)], where Dψ = β−1(w/τψ ) is the surfac-
tant diffusion constant. Scaling time by τ = λ 2(τφ/w) = λ 2/Dφ =

(δ0/2)2 (2/D0) results in the dimensionless dynamic equations:

∂t̃φ + ∇̃ · (φ ṽ) = ∇̃
2 δ F̃

δφ
(29)

τ̃ψ

[
∂t̃ψ + ∇̃ · (ψ ṽ)

]
= ∇̃ ·

[
ψ(1−ψ)∇̃

δ F̃
δψ

]
(30)

∂t̃ ṽ+ ∇̃ · (ṽ⊗ ṽ) = ∇̃ · (R̃+ D̃) (31)

∇̃ · ṽ = 0 . (32)

Here the dimensionless dissipative and reversible stresses read as

D̃ = ν̃ [(∇̃⊗ ṽ)+(∇̃⊗ ṽ)T ] (33)

R̃ = w̃(−p̃I+ Ã) , (34)

respectively, where

−p̃ = F̃ −φ
δ F̃
δφ
−ψ

δ F̃
δψ

(35)

Ã = −∇̃φ ⊗ δF̃

δ ∇̃φ
(36)

(note that there is no gradient term for ψ in the free energy func-
tional). The scales and the dimensionless model parameters are
summarized in Table 2. For the sake of simplicity, we will not use

Table 2 Scales and dimensionless model parameters.

λ τ β−1 τ̃ψ w̃ ν̃

δ0

2
δ 2

0
2D0

2
3

RT
vm

δ0

σ0

β−1

2
D0

Dψ

3
2

σ0 δ0

D2
0 ρ

µ

ρ

2
D0

.̃ hereafter.

3 Analysis

3.1 General requirements

In our recent work27 we presented calculations for the interfacial
tension in case of small interface loads, where the interface load
is defined as the maximum of the equilibrium surfactant field, i.e.
ψa = ψ∗(0) [see Fig 1(a)]. As we have shown, the model has a
critical point at the critical surfactant load

ψc =
1

a+d
, (37)

where the equilibrium planar surfactant profile becomes constant
[ψ∗(x) ≡ ψc], while φ0 ≡ 0 for a 6= 0, together with vanishing
interfacial tension27. This means that we have a second-order
phase transition at ψc. Since the surfactant concentration is
homogeneous at the critical load, our previous results based on
the assumption, that (ψa −ψ0)/ψ0 . 1 are valid in general for
both ψ0/ψc → 0 (low surfactant loads) and ψ0/ψc → 1 (close
to the critical point). In contrast, in real systems (such as an
oil/water/asphaltene system), the interface load converges to
1 even at extreme low bulk surfactant loads [see Fig 2(b), for
example], while the bulk equilibrium densities of the liquids
do not change significantly, and the corresponding interfacial
tension lowering is ≈ 30%14. In this case the constant surfactant
approximation, together with the small amplitude assumption
are invalid, and the problem must be re-analysed.

Summarizing, the general properties of the scenarios to be in-
vestigated are:

1. The bulk surfactant load is (extremely) low: ψ0� 1.

2. The interface load is high: ψa→ 1.

3. The equilibrium bulk liquid density variation is negligible:
φ0 ≈ 1.

4. The interfacial tension lowering can be significant: |σ(ψ0)−
σ0|/σ0 ∼ 1.

5. The interface width remains finite.

The last condition is an extra condition emerging from the fact
that the interface width diverges at the critical point in this model,
which makes the critical point inaccessible by numerical simula-
tions.
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3.2 Location of the critical point

Since high interface load is considered, it is reasonable to pre-
scribe ψc ≥ 1. The explanation is, that in this case the fully
loaded interface occurs exclusively at ψ0 = 1, while ψa(ψ0) < 1
for ψ0 ∈ [0,1), i.e. the system cannot be overloaded [blue curve
in Fig 1(b)]. In contrast, ψc < 1 would result in ψ∗(x) ≡ ψc (an
therefore ψa = ψc as well) at ψ0 = ψc, although ψa > ψc is pos-
sible for ψ0 ∈ (0,ψc), i.e. the system could be overloaded [red
curve in Fig 1(b)], which would be hard to interpret physically.
Note, that ψc . 1 is theoretically acceptable, as long as the bulk
surfactant load is extremely small (i.e. ψ0 � 1), thus we never
go close enough to the critical point to experience a decreasing
ψa(ψ0).

3.3 Liquid-liquid equilibrium density

Now we analyse the value of φ0 described by Eq. (18) for ψ0� 1,
yielding

φ0 = 1− a
2

ψ0 +O(ψ2
0 ) . (38)

Therefore, |φ0− 1| < ε/2 is satisfied for ψ0 < ε/a, where ε is the
acceptable order of magnitude of the variation in φ0. Assuming
that a > 0, d > 0 and a+d ≈ 1 and a∼ d (i.e. they are in the same
order of magnitude), this condition is always true for

0≤ ψ0 ≤ ε . (39)

Note that Eq. (38) shows the role of parameter a: with increasing
a the critical point tends to 0, together with a decreasing φ0. Since
we want φ0 ≈ 1, we may choose extremely small loads and/or a
critical point ψc ≈ 1.

3.4 Adsorption isotherm

As mentioned above, the interface load ψa = ψ∗(0) is determined
by Eq. (16), yielding the following implicit algebraic equation for
ψa as a function of ψ0:

ψa =
ψ0

ψ0 +(1−ψ0)exp{β [θ(ψ0)− c(ψa−ψ0)]}
, (40)

where

θ(ψ0) =
φ 2

0
4

[
d(φ 2

0 −2)−2a
]

. (41)

Here φ 2
0 is defined by Eq. (18) as a function of ψ0. Eq. (41) is

now analysed in case of ψc ≈ 1 for 2 essentially different cases:

• ψ0→ 0: In this case, ψa→ 0 also applies, therefore, Eq. (41)
can be expanded for ψa� 1, then solved for ψa(ψ0), yielding

ψa(ψ0) = exp(−β θ0)ψ0 +O(ψ2
0 ) , (42)

where θ0 =−(2a+d)/4. Since a > 0 and d > 0, ψa(ψ0)/ψ0 ≥
1, i.e. we have adsorption.

• ψ0→ ε: For large interface loads, ψa = 1−δψa can be writ-
ten (where 0 < δψa � 1) at ψ0 = ε. Using this in Eq. (40)
together with δψa ≤ εn yields then the condition

β ≥ (n+1) log(ε)
θ0− c

, (43)
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Fig. 1 (a) Schematic plot of an equilibrium interface. (b) Typical
adsorption isotherms calculated from Eq. (40) in case of c = 0: (b) For
a = 1/4, d = 1/4 and β = 16 the critical point is located at ψc = 2 (blue
curve), prescribing normal adsorption isotherm at ψ0 ∈ [0,1]. In contrast,
a = 3/4, d = 3/4 and β = 8 (red curve) generates the critical point
ψc = 2/3 and realizes a non-physical adsorption curve (the system can
be overloaded, since ψa > ψc is possible). (c) Adsorption curves in case
of a = 1/4, b = 1/4 and β = 64 (blue), a = 1/2, b = 1/2 and β = 32 (red),
and a = 1, b = 1 and β = 16 (black).

where we used the approximations ∆ f (0) ≈ θ0 and (1−
ε)(1− εn) ≈ 1. Eq. (43) is a fairly simple condition for β as
a function of the other model parameters a,d and c, which
can be used to control the parameter fitting process.

Finally we note that we are relative free to choose the location of
the critical point from the viewpoint of the adsorption isotherms,
as indicated in Fig 1(c). Although ψc varies between 1/2 and 2,
the corresponding adsorption isotherms are almost identical for
low bulk loads ψ0 < 0.01. This is in accordance with the findings
of Section 3.3.

3.5 Analysis of the Euler-Lagrange equations
Since the interface load converges to 1 for an extremely small
bulk surfactant load ψ0 � 1, one must consider the full Euler-
Lagrange problem instead of the quasi-constant surfactant field
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approximation applied in our recent work27. Using φ(x) = φ0 φ̂(x)
in Eq. (15), and re-scaling length as

ξ
2
0 = 1/[1− (a+d)ψ0] (44)

yields α3(ψ)φ̂ 3−α1(ψ)φ̂ = 2∂ 2
x̃ φ̂ , where x = ξ0 x̃, α3(ψ) = 1−d ψ

1−d ψ0
,

and α1(ψ) =
1−(a+d)ψ
1−(a+d)ψ0

. Approximating the coefficients temporar-
ily as constants yields

φ̂(x̃)≈
√

α1/α3 tanh[
√

α1(x̃/2)] , (45)

which results in φ̂(x̃) = tanh(x̃/2) for x̃→±∞, but prescribes

φ̂(x̃) =
α0

1√
α0

3

(
x̃
2

)
+O(x̃3) (46)

around x̃ = 0, where α0
1 =

1−(a+d)ψa(ψ0)
1−(a+d)ψ0

and α0
3 =

1−d ψa(ψ0)
1−d ψ0

. As

one can see, the slope (α0
1/
√

α0
3 ) becomes 0 at ψ0 = 1/d and

at ψa(ψ0) = ψc, thus generating φ̂∗(x̃) = 0 and ψ∗(x̃) = const
around x̃ = 0. Nevertheless, the first case is not relevant at all,
since ψ0 = 1/d > ψc = 1/(a + d) always applies for a > 0 and
d > 0. The second case, however still in the scope in case of
ψc < 1, if the surface can be overloaded. Although it may happen
at an extremely small bulk surfactant load, Eq. (40) suggest
that it is the only value of ψ0 at which this kind of solution
exists. Although we did not experienced any difficulty in our
calculations from this source, this finding further supports the
condition ψc & 1.

Having the 1 dimensional solution of the Euler-Lagrange equa-
tions φ∗(x) and ψ∗(x), the interfacial tension can be measured as
the function of the bulk surfactant load ψ0

27:

σ(ψ0) =
∫

dx{F [φ∗(x),ψ∗(x)]−F0−µ[ψ∗(x)−ψ0]} , (47)

where F0 = F [φ0,ψ0]. The relative interfacial tension is defined
as κ(ψ0) = σ(ψ0)/σ0 while the relative interfacial tension drop
reads as ∆κ := 1−κ(ψ0). We mention, that in this work ψ0 is not
a relevant parameter, since we have only the condition ψ0 � 1.
Instead, it is worth to express κ as a function of the total amount
of the absorbed surfactant, which is defined as

I(ψ0) :=
∫ +∞

−∞

dx{ψ∗(x)−ψ0} . (48)

For highly loaded interfaces, the approximations for the profiles
used in our previous work fail, therefore, numerical solution of
the Euler-Lagrange equation is needed, from which κ(ψ0) and
I(ψ0) can de determined also numerically, resulting in a numeri-
cal κ(I) relationship.

4 The oil/water/asphaltene system

4.1 Calibration of the model

Figure 2 shows equilibrium profiles in the the hep-
tane/water/asphaltene system evaluated from recent molecular
dynamics (MD) simulations14. Panel c displays a highly loaded
interface, for which all our criteria apply. Note, that mass den-
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Fig. 2 Equilibrium profiles in the heptane/water/asphaltene system from
molecular dynamics simulations (symbols) 14, and the analytical fits
(solid curves) using linear combination of different hyperbolic tangent
functions.

sities of the materials are shown, which have to be transformed
into φ∗(x̃) and ψ∗(x̃). The mass density is a conservative quantity,
therefore, φ is also conservative, since they are related to each
other via

φ
∗(x) =

ρw(x)
ρ0

w
− ρh(x)

ρ0
h

, (49)

where the equilibrium mass density profiles of the water and hep-
tane, ρw(x) and ρh(x), are normalized by their maxima, ρ0

w and ρ0
h ,

respectively. This generates the conservative quantity φ ∈ [−1 : 1].
Similarly, ψ can be simply interpreted as ψ∗(x) := ρa(x)/ρ0

a ∈ [0,1].
The parameters can be fitted by using the (almost) surfactant-
free [see Fig. 2(a)] and the highly loaded [see Fig. 2(b)] cases
as follows. Assuming that the water/heptane interface width is
not affected significantly at small surfactant loads (this will be
discussed later), the equilibrium liquid-liquid profile is approxi-
mated as φ(z) ≈ tanh[z/ζ ], yielding the derivative (dφ/dz)|z=0 =

1/ζ . ζ can be then fitted by using the MD profiles shown in Fig.
2(a), yielding ζ = 0.25743 nm. The (dimensionless) total amount
of the adsorbed surfactant is defined as:

I :=
∫ +∞

−∞

dx{ψ(x)−ψ0} , (50)

where we use the dimensionless length x := z/(ζ/2). In case of
ψ0→ 0 Eq. (55) is equivalent to

∫+∞

−∞
dx{ψ(x)}, which can be mea-

sured on the highly loaded interface shown in Fig. 3(b), yielding
I0 = 24. Furthermore, the corresponding interfacial tension low-
ering emerging from the MD simulations is ∆κ ≈ 0.3. Instead of
this, however, we choose κ0 = 0.35 (half of the simulation result)
for the following reasons:
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• Although experimental values are found to be less than ∆κ =

0.3 in real crude oil/water/asphaltene systems37, we would
like to give clear evidence that emulsion formation in these
system is not primarily interfacial tension driven.

• The physical parameters vary from sample to sample in
real systems. In order to demonstrate the essence of
the emulsion formation process in a general, theoretical
oil/water/asphaltene system, we only need the correct or-
der of magnitude of the different physical quantities.

The model parameters now have to be fitted for fixed I0 and κ0,
and ψ0 → 0 and ψa → 1, so that the equilibrium profiles φ∗(x)
and ψ∗(x) give reasonable fit to the MD results.

In our model there are 4 parameters, namely, a, d, β and
c. Note, however, that not all these parameters are equally
important. Basically 2 groups of them can be defined. The first
contains a and d, and the second β and c, respectively, based on
the role played on the level of the free energy functional. a and
d are coupling parameters between φ and ψ, yielding a shift in
φ0 in the Cahn-Hilliard model (as discussed before). Since (i)
the location of the critical point is a function of a+ d, (ii) φ0 is
a function of a in the ψ0 → 0 limit, and (iii) the zero derivative
condition at φ0 depends on d (showing that they play only a
slightly different individual role), we will work with a = d. The
relationship between β and c is also similar, since they account
for energy contributions associated with (exclusively) ψ. Since it
has recently been shown that the logarithmic term must present
in order to have physical adsorption isotherms27, c is considered
only as a modifying term, and without further thermodynamic
informations we choose c = 0.

The parameter fitting process is the following. The 1-
dimensional Euler-Lagrange equations are solved numerically for
a given parameter set a = d,β and ψ0 first, then we measure I
and κ, together with comparing the equilibrium profiles to the
MD results. Since the target values I0 and κ0 are defined, this is
an iterative process for ψ0. Alternatively, one also can solve the
1-dimensional dynamic equations instead of the Euler-Lagrange
equations, where the total amount of ψ is fixed. Since in case
of ψ0 → 0

∫+∞

−∞
dx{ψ(x, t)} coincides with I defined by Eq. (55),

it is convenient to use the dynamic equations with the initial
conditions φ(x,0) = tanh(x/2) and ψ(x,0) = I0/L, where L is
the length of the simulation box. The system converges to
equilibrium, i.e. a solution of the Euler-Lagrange equations.
Therefore, all necessary quantities (the bulk surfactant load,
the interface load, the relative interfacial tension, and the total
absorbed amount) can be measured as a function of β . Since at
constant a = d the surface load ψa converges to 1 as β → ∞ [see
Eq. (40)], for a conservative dynamics ψ0 must converge to 0
and I to I0 as well. Therefore, we calculate ψ0, ψa, R and κ as a
function of β at constant a = d. This process is convenient in the
sense that, due to the conservative dynamics, one of the required
target values is "fixed". The results are shown in Fig 3. According
to panel (b), the relative interfacial tension shows a non-trivial
behaviour as a function of β , and seems to converge for β → ∞,

together with ψ0 → 0, ψa → 1 and R = I → I0. Calculating then
κ(β ) as a function of a = d shows increasing tendency with
increasing a = d for β > 16 [see panel (c)], thus indicating
ψc < 1. At a = d = 0.575 the critical point reads as ψc ≈ 0.87,
while ψ0 = 2.37×10−4, ψa = 1−10−5 and R = 2×10−4 at β = 46,
showing that all the conditions are practically satisfied. Further
increasing a = d generates κ = 0.35 at lower β . For example,
a = d = 0.6 generates ψc = 0.83, and κ = 0.35 occurs at β = 25,
however, φ0 = 1.2×10−2 and ψa = 0.98, showing that one should
search for the lowest possible a = d at which κ = 0.35 can be
realized for a finite β , together with vanishing ψ0, and ψa ≈ 1
and φ0 ≈ 1. As shown in panel (d), the equilibrium ψ∗(x) profile
for a = d = 0.5875, β = 32 and ψ0 ≈ 2.3× 10−3 is an acceptable
agreement with the MD results.

One should not forget that the surfactant-free interface
thickness ( ζ ) was estimated by using the profiles shown in
Fig. 2.a, thus resulting in a slightly overestimation. The rate
can be determined via calculating the numerical solution for I
measured from Fig. 2.a, resulting in ≈ 1.05ζ as the real interface
width. Note that only I depends on ζ , but not κ and, moreover,
κ(I) saturates as a function of I, resulting in a quasi-constant
behaviour at the fitting point I0 = 24, therefore, a 5% shift in I0

results in negligible difference in κ (see Fig. 4.b, for example).
Therefore, the parameter fitting process doesn’t have to be
repeated with a corrected ζ . Nevertheless, we shall choose the
length scale λ = (ζ/1.05)/2≈ 0.12 nm.

The only free parameter of the parameter fitting process is the
bulk surfactant load, ψ0. The source of this uncertainty is that the
only condition ψ0 reads as ψ0 � 1. Nevertheless, it is worth to
investigate how the results depend on ψ0. We have two quanti-
ties fixed, namely, the total absorbed amount, I0, and the relative
interfacial tension, κ0. The question is how the parameters β and
a = d change as a function of ψ0, while keeping I = I0 and κ = κ0

unchanged. Assuming that ψ0 changes as ψ0→ (1+ s)ψ0, where
s� 1, and the parameters change as a→ (1+h1)a, d→ (1+h1)d,
and β → (1+ h2)β , the change in the interfacial tension and the
interface load reads as:

dκ =
∂κ

∂ s
s+

∂κ

∂h1
h1 +

∂κ

∂h2
h2 = 0 ; (51)

dI =
∂ I
∂ s

s+
∂ I

∂h1
h1 +

∂ I
∂h2

h2 = 0 , (52)

respectively. The derivatives in the equations above have to be
measured numerically for a given β , a = d and ψ0. The solution
h1 and h2 can be then determined as a function of s, therefore, the
derivatives ∂a/∂ψ0 = (a/ψ0)(h1/s), ∂d/∂ψ0 = (dψ0)(h1/s) and
∂β/∂ψ0 = (β/ψ0)(h2/s) can be calculated, showing how a = d
and β should change as a function of ψ0, together with preserv-
ing I and κ. Fig 4(a) shows the order parameter profiles at the
fitting point, namely, I = 24 and κ = 0.35 in case of β = 16 (blue),
β = 32 (black) and β = 42 (red). The corresponding bulk sur-
factant loads read as ψ0 = 2.3× 10−2, 2.3× 10−3 and 4.1× 10−4,
respectively, indicating a range of 2 orders of magnitude, while
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Fig. 3 Calibration process. (a) Converged (equilibrium) solution for
I0 = 24, c = 0, a = d = 1/2 at β = 32. (b) bulk surfactant load (ψ0),
surface load (ψa), remnant amount [R = (I0− I)/I0], and relative
interfacial tension (κ) as a function of β at c = 0, a = d = 1/2. (c)
Relative interfacial tension as a function of β in case of I0 = 24, for
a = d = 0.475,0.5,0.525,0.55,0.575 and 0.6 (from bottom to top at β = 30,
respectively). (d) Equilibrium order parameter profiles from molecular
dynamics simulations (dashed) and from the present model (solid) for
I0 ≈ I = 24, β = 32, a = d = 0.5875. The bulk load read as ψ0 = 2.3×10−3.

a = d do not change significantly. Comparing Figs 3(d) and 4(a),
it is obvious that smaller β generates smaller slope for the sur-
factant profile at the interface, offering a better fit to the MD
results in this regime. Contrary to this, ψ becomes significant
in the bulk, which, however, may be numerically wieldier, does
not reflect reality. A more interesting behaviour can be observed
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Fig. 4 Dependence of the parameter fitting process on the value of the
bulk surfactant load, ψ0. (a) Equilibrium profiles fitted to MD results in
case of ψ0 = 2.3×10−2,2.3×10−3, and 4.1×10−4. Note the increasing
interface width in ψ∗(x) with increasing ψ0. (b) Relative interfacial
tension vs total absorbed amount I for β = 16,32 and 42. The gray
vertical line indicates the point of parameter fitting I0 = 24. The
corresponding bulk loads read as ψ0 = 2.3×2.3×10−2,2.3×10−3 and
4.1×10−4, respectively.

by investigating the relative interfacial tension (κ) as a function
of the total interface load (I). Fig 4(b) shows that, regardless
of the value of β , κ converges to the prescribed value κ = 0.35
as a function of I. This means that the interfacial tension can-
not be reduced by loading the interface further. This behaviour is
absolutely in agreement with experimental results37. The physi-
cal reason of this phenomenon is the following. At a critical to-
tal interface load, the asphaltene layer becomes wide enough to
entirely separate the water and the heptane. At this stage, two
interfaces emerge from the highly loaded water/heptane inter-
face: a water/asphaltene and an asphaltene/heptane interface,
with bulk asphaltene in between. Since the bulk asphaltene has
no contribution to the interfacial energy, adding more asphaltene
to the system cannot reduce he interfacial tension further. This
characteristic behaviour is also present in the Ginzburg-Landau
formalism, however, we have to mention, that we do not have
two separated interfaces, because of the physical interpretation
of the order parameters: φ is interpreted as a difference of the
(normalized) densities of the water and the heptane, we cannot
describe the bulk surfactant, i.e. when none of the two liquids are
present. In other words, there are only 2 independent variables.
In contrast, in order to describe 3 independent interfaces between
3 phases, 3 independent order parameters are needed. This ne-
cessitates further development and an another formulation of the
model, which is also supported by additional findings discussed
later.
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4.2 Spinodal descomposition

After fitting the model parameters to MD results, we study the dy-
namic behaviour of the system. As a reference, first we solve the
kinetic equations without fluid flow (i.e. w̃= 0 is considered in the
Navier-Stokes equation), then the fluid flow will be ’switched on’.
In case of small hydrodynamic force, i.e. w̃ ∝ (σ0 δ0)/(D2

0 ρ)� 1,
one can expect negligible flow field generation compared to the
diffusion. In contrast, in case of w̃ ≈ ν̃ � 1, the phase separa-
tion process is essentially hydrodynamics driven, and may accel-
erate even with orders of magnitude compared to the diffusion-
driven case. Nevertheless, for large viscosities (ν̃ � w̃) the fluid
flow is suppressed, therefore, the transport processes are gov-
erned by the diffusion dynamics again. One can see that there
are many possibilities, and the dynamical behaviour of the sys-
tem depends on the competition between the diffusion and hy-
drodynamic time scales. Indeed, the viscosity of the asphal-
tene/heptane system, for example, strongly depends on the as-
phaltene content (it changes several orders of magnitude)38. This
means that it might happen that asphaltene migration to the wa-
ter/heptane interfaces practically stops the hydrodynamics driven
(fast) phase separation. Since the net transport of water and hep-
tane is possible only via diffusion through the asphaltene layer,
the phase separation becomes diffusion controlled. This can sta-
bilize the emulsion, since the phase separation practically stops
on the hydrodynamic time scale.

4.2.1 Dynamic parameters

The parameters of the theory, as indicated by Table 1, can be asso-
ciated with simple physical quantities, such as the interfacial free
energy, interface thickness, density, temperature, molar volume,
diffusion coefficient and viscosity. A large amount of data are
available for the water/heptane/asphaltene system in the litera-
ture. At reservoir circumstances (room temperature, T ≈ 300K,
and 10− 100 MPa pressure) the bulk mass densities read as
ρw = 1000 kg/m3, ρh = 700 kg/m3 and ρa = 1050 kg/m3 for the
water, heptane, and asphaltene, respectively14, yielding the aver-
age ρ = 850 kg/m3. The length scale reads as λ = 0.12 nm, while
the interfacial tension of the surfactant-free system is σ0 = 40
mJ/m2 14. These, together with our choice β = 32 yield the aver-
age molar volume of the system v0 = (2/3)(RT )(δ0/σ0)β ≈ 160
cm3/mol, which almost perfectly matches with the molar vol-
ume of the heptane vh = 140 cm3/mol, thus showing the self-
consistency of the parameter fitting process for β : although β has
been fitted on a seemingly entirely different basis, it consistently
recovers the molar volume of a highly dilute heptane/asphaltene
system, a scenario which was actually considered during the fit-
ting process. The diffusion constant for the heptane in water is in
the order of D0 = 7.0×10−10 m2/s39, while the typical diffusion
constant of the asphaltene in heptane reads as Dψ = 1.5× 10−10

m2/s40. The kinematic viscosities read as µ0
w = 1 mPas41 and

µ0
h = 0.4 mPas38 for the pure water and heptane, respectively.

The viscosity of the heptane/asphaltene system reads as38

µh(ψ)/µh(0) = 1+A [exp(bψ)−1] , (53)

where we used that ψ = ρa/ρ0
a is identical to the volume fraction

of the asphaltene, while A ≈ 0.5 and b ≈ 25.75 are realistic
values. Note that for the fully loaded interface (i.e. ψ = 1),
the relative viscosity is ≈ 1010, i.e. even a thin (∼ 1 nm), fully
loaded interface might represent a solid wall for the water and
the heptane. This is in a good agreement with experimental
observations42,43. Therefore, it is reasonable to assume that the
formation of these walls can block the hydrodynamics driven
phase separation mechanism, thus stabilizing an emulsion on the
hydrodynamic time scale.

The chosen physical parameters result in the model parameters
τ̃ψ = 0.073, w̃ = 1.73×104, whereas the dimensionless viscosities
read as ν̃w = 2857 and ν̃h = 1633 for the pure water and heptane,
respectively. The effect of the asphaltene is taken into account as

ν̃(φ ,ψ) =

(
1+φ

2

)
ν̃w +

(
1−φ

2

)
ν̃h +A [exp(bψ)−1] , (54)

where we use A = 10−6, prescribing a viscosity contrast ≈ 102 for
the fully loaded interface (φ = 0, ψ = 1) relative to the average
liquid viscosity, (ν̃w + ν̃h)/2. Although this modification is neces-
sary for numerical reasons44, it results in a negligible variation
of the bulk liquid viscosities even for x = 20% asphaltene content.
Since the asphaltene is insoluble in the water45, this is realistic in
the water phase, while the real relative viscosity of the heptane
prescribes a contrast of two orders of magnitude for x = 20%.
Nevertheless, in reality we use significantly less amount of the
surfactant, i.e. x ∼ 1%, prescribing approximately 10% change in
the viscosity of the bulk heptane. The x = 20% concentration is
needed only because of the limited size of the numerical simula-
tions, therefore, our choice A = 10−6 mimics a realistic scenario
well. We also mention, that scaling up the simulations together
with proper handling of the solid-body like ranges necessitates
the development of new numerical methods, which is out of the
scope of the present study.

4.2.2 Competing time scales

In order to investigate the kinetics of phase separation, time-
dependent simulations were performed by using Eqns. (29)-(32).
We solved the equations in 2 dimensions on a square-shaped
domain of size 4096× 4096, with spatial time step h = 0.5, in
the presence (w̃ = w0) and without (w̃ ≡ 0) fluid flow. The
time increments were ∆t = 0.005 and ∆t = 0.1, respectively. The
computational domain was chosen to be periodic, therefore,
an operator-splitting based, pseudo-spectral, semi-implicit
numerical method was used to solve the equations44. In this
case the incompressibility condition prescribed by Eq. (32) can
be eliminated in the Chorin’s projection method46, resulting
in significantly improved runtime. The initial condition of the
simulations was chosen as follows: φ(r,0) = AR[−1,1], where
R[−1,1] is a uniformly distributed random number on [−1,1]
and A� 1, and ψ(r,0) = Ψ (average surfactant load). Since this
is a slightly perturbed unstable equilibrium state, the system is
expected to undergo spinodal decomposition.

Similarly to our previous work, we measured the amount of
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interfaces as a function of time:

q(t) :=
1
V

∫
dV
{
[∇(2θ [φ(r, t)]−1)]2

}
, (55)

where θ(x) is the heaviside step function, therefore, 2θ [φ(r, t)]−1
generates −1 where φ(r, t) ≤ 0, and +1 otherwise. This step is
necessary because of the enormous spatial inhomogeneity and
temporal variation of the liquid-liquid interface width, which is
expected in case of the presence of the surfactant. With this sim-
ple projection, however, q(t1) and q(t2) (where t1 6= t2) measured
on the same simulation become comparable. In 2 dimensions, the
discretization of Eq. (55) reads as:

qn(t) :=
(

h
N

)2

∑
i, j

( φ̂ t
i+1, j− φ̂ t

i−1, j

2h

)2

+

(
φ̂ t

i, j+1− φ̂ t
i, j−1

2h

)2
 ,

(56)
where N is the linear size of the computational grid, and φ̂ t

i, j =−1
for φ t

i, j ≤ 0 and +1 otherwise.

First, the time evolution of the surfactant-free system was
investigated. The amount of interfaces as a function of time
is shown by Fig. 5(a). At a certain time point t0 (indicated in
the figure), the system starts to separate in both cases. t0 is
called a "numerical incubation time", which can be related to
the uncertainty of qn(t) emerging simply from the numerical
discretization itself. After t0, however, both modes show a simple
power function behaviour qn(t) = (t/γ)−p, which applies for the

Fig. 6 Snapshots of the liquid-liquid order parameter (φ ) from time
dependent simulations in the surfactant-free system, taken at time
points t = 75,125,175 and 225 (from top to bottom, respectively) in case
of fluid-flow assisted kinetics (left column) and at t = 174,620,17054 and
26934 in case of simple diffusion dynamics (right column), respectively.
The corresponding time points indicate the same amount of interfaces
q(t) defined by Eq. (55).

diffusion dynamics even for long times with pd = 0.34195 and
γd = 0.7466. In contrast, the fluid-flow assisted system features
a transition from an early stage behaviour characterized by
pe

f = 2.7 and γe
f = 34.727 to a late stage mode yielding pl

f = 0.1
and γ l

f = 4.7863×10−15. In order to compare the speed of phase
separation for the two modes, first we fix the amount of surfaces
(q0), then determine td and t f from qd

n(td) = q f
n(t f ) = q0 [as indi-

cated by Fig. 5(a)], where qd
n(t) and q f

n(t) are the total amounts
of interfaces in case of the diffusion and fluid-flow assisted
kinetics, respectively. The result for td/t f as a function of t f are
shown in Fig 5(b). For short times (t ∈ [0,≈ 300]), the fluid-flow

10 | 1–15Journal Name, [year], [vol.],



assisted dynamics accelerates compared to the diffusion kinetics.
The maximum of the curve indicates an enormous speed-up of
the fluid-flow assisted dynamics, in the order of magnitude 102.
This means that the diffusion dynamics needs roughly 100×
longer time to reach the same state [in terms of qn(t)] that
the fluid flow assisted kinetics reaches at t = 300. This is also
illustrated in Fig 6. For larger times (t ∈ [103,104]), however,
the fluid-flow assisted dynamics decelerates significantly. The
long-time fit it reveals that the time derivative of q f

n(t) is even
smaller than that of qd

n(t). Since our scale of interest is basically
the hydrodynamic scale, the phase separation practically stops. A
possible explanation of this mode switching can be the following.
First, the strongly non-equilibrium initial state of the matter
generates so significant velocity field, that the hydrodynamic
scale becomes dominant. The fluid is, however, viscous, meaning
that without any internal (thermal) fluctuations and external
forces (such as gravity or shearing), the flow will be suppressed.
When this happens, the velocity field vanishes [v(r, t) → 0],
therefore, the system switches back to the diffusion dynamics
(long time behaviour).

Besides illustrating the contrast in the speed of phase sepa-
ration between the diffusion and fluid flow coupled dynamic
modes, Fig 6 also contains important informations regarding the
forming patterns. Since the average volume fraction was chosen
to be Φ := (1/V )

∫
dV{φ(r, t)}= 0, we have a transitional system.

Indeed, it is impossible to judge from Fig 6 whether we have
heptane in water or water in heptane in case of the diffusion
dynamics, but the pattern is qualitatively different in case of
the fluid-flow assisted kinetics. The reason is that in case of the
diffusion dynamics we have a completely symmetric system at
both levels, i.e. the level of the free energy and the dynamic
equations. In contrast, with fluid flow coupling we introduce
asymmetry in the viscosities, since the there is a viscosity contrast
of roughly 2 between the bulk viscosities of the water and the
heptane. This symmetry breaking leads to the formation of
water-rich and heptane-rich areas, containing heptane and water
bubbles, respectively.

As a next step, surfactant has been added to the system. The
applied average amounts defined by

Ψ :=
1
V

∫
dV{ψ(r, t)} (57)

were Ψ = 0.05,0.1,0.15 and 0.2, respectively. The results for
qn(t) are summarized in Fig. 7, together with the results for the
surfactant-free case. In order to isolate the effect attributed solely
to the interfacial tension drop, the pure diffusion mode is inves-
tigated first. As shown by Fig. 8(a), qn(t) scales for short times
as:

qn(t) = [t/τ(Ψ)]−q . (58)

Using the fit log[qn(t)] = −q log(t) + p(Ψ) resuls in τ(Ψ) =

exp[p(Ψ)/q]. Therefore, the dynamic factor defined as

s(Ψ) :=
τ(0)
τ(Ψ)

= exp
[

p(0)− p(Ψ)

q

]
(59)
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Fig. 7 Effect of adding surfactant to the system in case of (a) pure
diffusion, and (b) fluid-flow coupled dynamics. The curves correspond to
average surfactant load Ψ = 0.0,0.05,0.1 and 0.2 (from bottom to top on
each panel), respectively.

expresses the speeddiof phase separation relative to the
surfactant-free system27. The linear fit on the log-
log plot resulted in q = 0.3485, and p(Ψ) − p(0) =

0.0045564,0.011473,0.020232 and 0.030772 for Ψ = 0.05,0.1,0.15
and 0.2, respectively. The corresponding dynamic factors are
shown by the dots in Fig 8(b). For comparison, the dashed line
shows the relative interfacial tension κ(I)≈ 1−0.02 I−0.015276 I2

for I → 0 [see Fig 4(b)], where the total absorbed surfactant
amount is calculated as I = 9Ψ. The excellent agreement in the
characteristic behaviour of the dynamic factor and the relative
interfacial tension shows that in case of the diffusion dynamics the
phase separation is driven by the interfacial tension drop. This is
also in agreement with our former results for systems featuring
relatively low interface loads [(ψa−ψ0)/ψ0� 1]27. Indeed, the
small interfacial tension drop suggest small (average) total ab-
sorbed amount as well: For example, at Ψ = 0.15 the conversion
between the total absorbed amount and the average surfactant
concentration results in I = 9Ψ = 1.35. Assuming that the
surfactant field can be approximated as ψ(x)≈ ψ0 +Asech(x/2)4,
the amplitude A and the total absorbed amount are related as
I =

∫+∞

−∞
dx{ψ(x)−ψ0}= (8/3)A, resulting in A = (3/8) I ≈ 1/2 for

Ψ = 0.15. The estimated maximum of the surfactant field then
reads as ψa ≈ Ψ+A = 0.65, which is also in agreement with the
simulation results (see Fig. 9).

Finally, the early stage behaviour of the fluid-flow assisted ki-
netics has been addressed. As indicated by Fig 10(a), the scaling
behaviour qn(t)= (t/tau)−q also applies here, however, the emerg-
ing dynamic factors show a different behaviour compared to the
diffusion case, as shown in Fig 10(b). First, the reduction in the
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Fig. 8 Early stage of the time evolution of the diffusion system for
different average surfactant loads. (a) Amount of interfaces qn(t) as a
function of time in case of Ψ = 0.0,0.05,0.10,0.15 and 0.2 (from bottom to
top), respectively. (b) Dynamic factor and relative interfacial tension as a
function of the average surfactant load Ψ.

Fig. 9 Surfactant concentration at t = 500 in case of pure diffusion
dynamics, for average surfactant loads Ψ = 0.05 (top-left), 0.10 (top
right),0.15 (bottom left) and 0.2 (bottom right). The measured dynamic
factors indicate the (average) total absorbed amounts I = 0.45,0.9,1.35
and 1.8, while the corresponding average interface loads read as
ψa ≈ 0.22,0.44,0.66 and 0.88, respectively. For better visibility, only a
256×256 pixel part of the 4096×4096 simulation domain is shown.

speed is much larger compared to the diffusion mode (κ = 0.55
vs κ = 0.92 at Ψ = 0.2, for example). Second, the tendency is
perfectly linear in the range Ψ ∈ [0.05,0.2], which is not true for

κ(I). Nevertheless, the average total absorbed amount I can be
estimated as a function of Ψ as follows. The volumetric inte-
gral of the absorbed surfactant reads as Σ =

∫
dV{ψ(r, t)−ψ0(t)},

where ψ0(t) is the actual background. The average total absorbed
amount can be defined via Σ = Ī Γ, where Γ is the total length of
the interfaces, and Ī is the average total amount of surfactant
absorbed by the interfaces. On the other hand,

∫
dV{ψ(r, t)} =

(N h)2Ψ. If Γ and ψ0 are measurable, the average total absorbed
amount can be expressed as Ī = (N h)2[Ψ−ψ0(t)]/Γ. Γ is mea-
sured from the simulations as follows:

Γ := h ∑
i, j

αi, j , (60)

where αi, j is equal to 1, if φi, jφi+1, j < 0 and φi, jφi, j+1 > 0 [the
interface normal is (1,0)], or φi, jφi+1, j > 0 and φi, jφi, j+1 < 0 [the
interface normal is (0,1)],

√
2 if φi, jφi+1, j < 0 and φi, jφi, j+1 < 0

[the interface normal is (1,1)], and 0 otherwise (no interface). In
addition ψ0 is calculated as

ψ0 =
∑i, j βi, j ψi, j

∑i, j βi, j
, (61)

where βi, j = 1 if |φi, j| > 0.8 (i.e. φ is outside of the 10%− 90%
interface width), and 0 otherwise. With these definitions, the
corresponding average total absorbed amounts were found to
be Ī = 0.8375,1.3975,1.6811, and 1.6876, respectively, while the
corresponding relative interfacial tensions are shown in Fig
10(b). The estimated interfacial tension drop κ(Ī) shows the
same tendency as in the case of the pure diffusion dynamics
(at Ψ = 0.2, κ = 0.92 in both cases, for example), which is not
that surprising, taking into account that (i) we use the same
amounts of surfactant, and (ii) no thick interfaces are present in
the system yet (see Fig. 11). This analysis indicates that there
is an extra effect on the speed of phase separation, which is
4− 5× stronger compared to the effect of the interfacial tension
drop. Since this effect is proportional to the surfactant load, it
clearly originates from the surfactant viscosity: According to Eq.
(54), it is 2 orders of magnitude higher in the bulk surfactant
than in the liquid, i.e. loaded interfaces suppress the fluid
flow proportional to Ī ∝ Ψ. In the later stage of the process,
as discussed before, the flow becomes totally sedated, drawing
the system back to the diffusion time scale, thus leading to the
formation of a ’dynamically stabilized’ emulsion (see Fig 12).
The term ’dynamically stabilized’ means that the emulsion forms
on the hydrodynamic time scale, then develops on the diffusion
times scale.

4.3 Limitations of the dynamic equations

Although the parameters of the theory have been fitted to MD re-
sults on an acceptable level, Fig. 3(d) shows the limitation of the
theory implicitly. The liquid-liquid equilibrium profile, φ∗(x) does
not recover ρw(x)/ρ0

w−ρh(x)/ρ0
h perfectly. Nevertheless, profiles

similar to the MD results can be achieved via

ρw(x)
ρ0

w
− ρh(x)

ρ0
h

= [1−ψ
∗(x)]φ∗(x) (62)
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Fig. 10 Early stage of the time evolution of the fluid-flow assisted
system for different average surfactant loads. (a) Amount of interfaces
qn(t) as a function of time in case of Ψ = 0.0,0.05,0.10,0.15 and 0.2 (from
bottom to top), respectively. (b) Dynamic factor and relative interfacial
tension as a function of the average surfactant load Ψ.

Fig. 11 Surfactant concentration at t = 125 (early stage) in case of
fluid-flow coupled kinetics, for Ψ = 0.05,0.10 (upper row, from left to
right), and 0.15,0.2 (lower row, from left to right), respectively. The flow
field is indicated by the green arrows. for better visibility only a 256×256
part of the simulation area is shown.

applies instead of Eq. (49), indicating another possible interpre-
tation of φ :

φ
∗(x) =

nw(x)−nh(x)
1−na(x)

, (63)

Fig. 12 Liquid-liquid order parameter (on the left) and corresponding
surfactant concentration (on the right) at t = 1000 (late stage) in case of
fluid-flow coupled kinetics, for Ψ = 0.05,0.10,0.15 and 0.2 (from top to
bottom), respectively.

where ni(x) = ρi(x)/ρ0
i is the normalized mass (or number) den-

sity of specie i = w,h,a. Although Eq. (62) represent a consistent
interpretation, it clearly shows, that φ becomes non-conserved.
Although it has no effect on equilibrium properties, as long as
(δ F̃/δφ)|φ0,ψ0 = 0 applies, the dynamic equation for φ must be
modified accordingly. Assuming conservative dynamics for nw and
nh, and considering the transformation F(φ ,ψ) =F [(nw−nh)/(1−
na),na] yields

φ̇ =
(ṅw− ṅh)+ ψ̇ φ

1−ψ

=
∇

[
M̃(φ ,ψ)∇

(
δF
δφ

1
1−ψ

)]
+ φ

τ̃
∇

[
ψ(1−ψ)∇ δF

δψ

]
1−ψ

,

(64)
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where M̃(φ ,ψ) is a general mobility function and we applied
the chain rule δF

δni
= δF

δφ

∂φ

∂ni
+ δF

δψ

∂ψ

∂ni
for the functional derivative.

Note, that δF/δφ = 0 and δF/δψ = µ transforms into δF
δna

= µ

and δF
δnw

= δF
δnh

= 0, i.e. equilibrium transforms into equilibrium.
Without going further, Eq. (64) is clearly divergent for ψ → 1,
i.e. for large interface loads. It is not that surprising, taking into
account that the densities nw and nh are equal for φ = 0 or ψ = 1.
The latter is a "dangerous" solution, expressing that ψ = 1 always
represents the same physical state, regardless the value of φ , and
we should not forget, that the derivation of the dynamic equation
described by Eq. (64) is based on the dynamic behaviour of the
physical variables. This is a clear limitation of the model, thus
necessitating a full treatment of the problem with the 3 (indepen-
dent) densities.

5 Conclusions

In this work we applied a Ginzburg-Landau theory of surfactant
assisted liquid phase separation to model the dynamic emulsion
formation in the heptane/water/asphaltene system, which
has a high industrial importance in crude oil recovery. As a
continuation of our previous work, we analysed the equilibrium
properties of the model in case of high interface loads and
negligible bulk loads. From the viewpoint of the dynamic
behaviour of the system, both diffusion and hydrodynamic effects
were considered. The major findings of the research are the
followings: (i) The Ginzburg-Landau theory of surfactant assisted
liquid phase separation describes highly loaded liquid-liquid
interfaces quantitatively, recovering the equilibrium interface
profiles and the surfactant concentration dependence of the
relative interfacial tension. Fitting the model parameters to the
results of molecular dynamics simulations (equilibrium profiles)
yielded a relative interfacial tension saturating for high surfactant
concentrations (total absorbed amount of surfactant), a tendency
can also be observed in real crude oil / water / asphaltene
samples. This finding directly verifies the mathematical concept
of the surfactant coupling in the free energy functional, which
otherwise was set up heuristically. (ii) The fluid flow has a
significant effect of the behaviour of the system, yielding faster
phase separation process than it is predicted by a simple diffusion
dynamics. Far from equilibrium, the non-classical Korteweg
stress generates significant velocity field which then dominates
the early stage of the phase separation process. The fluid-flow
assisted phase separation can be then even 100× faster than
the diffusion driven, but due to the viscosity the fluid flow tails
away and the system enters a (mostly) diffusion-driven late
stage mode. This picture can be refined by applying internal
fluctuations and external forces, which is a topic of future
research. The main finding is that the fluid flow is not negligible
even on the mesoscale. (iii) In addition to the interfacial tension
drop, a much larger effect can be observed in the slowdown of
the phase separation as a function of the surfactant load. It is
attributed to the surfactant concentration dependence of the
viscosity: Since the bulk surfactant areas behave as solid for
the fluid flow, the forming surfactant ’walls’ sedate the fluid
flow (proportional to the amount of the added surfactant), thus

leading to the formation of a dynamic emulsion via terminating
drop coalescence on the hydrodynamic time scale, which is a
topic a future research.

Finally we address the physical size and time scale of the cal-
culations. Taking into account that the surfactant-free interface is
atomic (so δ0 ∼ nm) results in the physical size of the simulation
are in the order of µm2, while D0 ∼ 109m2/s results in the time
scale τ ∼ ns. The early stage of the fluid flow assisted process
happens in a few 0.1µs (t = 102), while the late stage is valid
on the 10µs scale (t = 104) and above. These data show the
robustness of the model: using data from the nanoscale (MD) it
predicts the behaviour of the system on the mesoscale.

We also have to emphasize, that this work also has interdis-
ciplinary significance. The theory is general, therefore, it can
be applied for various real systems, including surfactant coated
free surfaces of liquids appearing in medical sciences47. The
present Ginzburg-Landau theory, however, has some limitations.
The usual interpretation of the variables as (normalized) density
difference (φ) and surfactant mole fraction (ψ) is not sufficient,
taking into account that the emerging equilibrium profiles
show rather qualitative agreement with the results of molecular
dynamics simulations close to the center of the interface, in case
of high surfactant loads. In contrast, suitable transformation of
φ and ψ can be found to recover the normalized equilibrium
density profiles of the species. Nevertheless, this transformation
yields a non-conserved φ , and prescribes a special kinetic
equation. Unfortunately, the singular transformation from the
densities to φ and ψ yield singular equation of motion as well,
necessitating the usage of the normalized physical densities as
order parameters in the model.
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